arXiv:hep-th/9701177v2 17 Feb 1997 


CTP TAMU-6/97 
LPTENS-97/03 
hep-th/9701177 
Jan 1997 


T-duality and U-duality in toroidally-compactified strings 

H. Lii^ and C.N. Pope^^ 

^Laboratoire de Physique Theorique de I’Ecole Normale Superieure"^ 

24 Rue Lhomond - 75231 Paris CEDEX 05 

^ Center for Theoretical Physics, Texas A&M University, College Station, Texas 77843 


ABSTRACT 

We address the issue of T-duality and U-duality symmetries in the toroidally-compact¬ 
ified type IIA string. It is customary to take as a starting point the dimensionally-reduced 
maximal supergravity theories, with certain field strengths dualised such that the classical 
theory exhibits a global symmetry, where n = 11 — D m. D dimensions. A discrete 

subgroup then becomes the conjectured U-duality group. In dimensions D < 6, these 
necessary dualisations include NS-NS fields, whose potentials, rather than merely their field 
strengths, appear explicitly in the couplings to the string worldsheet. Thus the usually- 
stated U-duality symmetries act non-locally on the fundamental fields of perturbative string 
theory. At least at the perturbative level, it seems to be more appropriate to consider the 
symmetries of the versions of the lower-dimensional supergravities in which no dualisations 
of NS-NS fields are required, although dualisations of the R-R fields are permissible since 
these couple to the string through their field strengths. Taking this viewpoint, the usual 
T-duality groups survive unscathed, as one would hope since T-duality is a perturbative 
symmetry, but the U-duality groups are modified in D < 6. 
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Eleven-dimensional supergravity has enjoyed a chequered history since its discovery in 
1978 H]. Since it occupies the distinguished position of being the highest-dimensional su¬ 
pergravity theory, it has long been thought likely to play an important role in fundamental 
physics. However, earlier attempts to exploit it as a starting-point for a unified theory 
foundered for a variety of reasons, including its non-renormalisability and the difficulties 
of extracting a realistic-looking four-dimensional theory from it. Nonetheless, the develop¬ 
ments that were made in the process of trying to achieve a realistic theory established many 
of the ideas that have subsequently been used extensively in string theory. 

One of the striking features of D = 11 supergravity is that its dimensional reduction 
on a circle gives rise, after truncation to the massless sector, to precisely the low-energy 
effective limit of the ten-dimensional type IIA string. The true significance of this fact 
really only emerged with the observation by Witten that the D = 1\ theory can be viewed 
as describing the degrees of freedom of the type IIA string in the limiting regime where its 
coupling constant tends to infinity [^. This can be seen in the Kaluza-Klein description 
of the reduction from D = W to D = 10, in which the Einstein-frame metrics of the two 
theories are related by 

ds\i = ds% + {dz + Af' ^ (1) 

where (j) is the dilaton of the IIA string, z is the eleventh coordinate which is compactified 
on a circle, and A = Am dx^ is the Ramond-Ramond vector potential of the IIA string. 
Thus we see that in the limit where the string coupling constant g = becomes large, 
the radius Ru = of the eleventh dimension enlarges such that the description of the 

IIA string theory effectively becomes eleven dimensional. On the other hand, the eleventh 
dimension becomes invisible in perturbative string theory, where the coupling g is small. Of 
course it is no longer believed that supergravity itself is the fundamental theory in D = 11; 
rather, there is an as-yet undiscovered M-theory whose low-energy limit is described by 
D = 11 supergravity. 

The M-theory conjecture would be further strengthened if one found also that the phys¬ 
ical degrees of freedom in H = 10 had their origin in H = 11. In particular, massless states 
in I? = 11 will give rise not only to massless states but also to massive states upon circular 
compactification to D = 10, where the masses of the particles are given by n/Rn. Indeed, 
there do exist extremal black hole solutions carrying R-R electric charges in type IIA su¬ 
pergravity, which correspond to Kaluza-Klein charges from the eleven-dimensional point of 
view. In order to discuss the masses of these black holes, for comparison with the massive 
Kaluza-Klein states of M-theory, it is necessary first to specify the metric with respect to 
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which the masses are being measured. The metric in ([T|) is the Einstein-frame metric in 
D = 10, which we shall denote hy Ge- In ten-dimensional string theory, there are two more 
metrics that are relevant: one is the string metric Gs, related to the eleven-dimensional met- 
ric by dsh = + e ^^{dz -|- Af, and the other is the same as the eleven-dimensional 

4 

metric Gm without any conformal rescaling, i.e. ds\i = ds\i -\- e~'3'^{dz + A)‘^. Thus we 
have 

GM = el^Gs = eyGE ■ ( 2 ) 

For a generic extremal p-brane, if the mass per unit p-volume is niA in the metric Ga and 
ms in the metric Gb, and if the two metrics are conformally related by Ga = ^^Gb, then 
from simple dimensional analysis we have 

niB = , (3) 

where Oq is the asymptotic value of at infinity. The black hole solutions in the = 10 
type IIA theory have masses given by in the Einstein-frame metric |^, where Q 

denotes the electric charge. It follows from (|2|) and (|3[) that the masses are Q/g in the 
string metric Gg, and Q/Rn in the eleven-dimensional metric ||^. Thus from the string- 
metric point of view, the black hole solutions are intrinsically non-perturbative, and thus 
are absent from the perturbative string spectrum. From the eleven-dimensional point of 
view, the masses are indeed precisely the same as those of the Kaluza-Klein massive modes 
coming from M-theory. 

There are also other extremal p-brane solutions in Z1 = 10 type IIA supergravity for 
other values of p, whose masses in the Einstein-frame metric can easily be obtained |p. 
To be precise, if the coupling of a field strength to the dilaton is given by in the 

Einstein-frame metric, then the mass per unit p-volume for the corresponding electrically- 
charged solution is given by e2“'^°Q, whilst for the magnetically-charged solution it is given 

we can enw^eeate the .aeeee . the eteta. .etete C. aad 
in the eleven-dimensional metric Gm for all the p-branes in type IIA supergravity. They 
are summarised in table 1: 
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ZD = 11 

membrane 

5-brane 

pp-wave 

twisted 

ZD = 11 mass 

Q2 

Q5 

Qpp 

Qt 

ZD = 10 

string 

2-brane 

4-brane 

5-brane 

O-brane 

6-brane 

ZD = 10 mass 

Gm 

^ 1 iQ 2 

Q2 

RnQ5 

Q5 

'^11 Qpp 

RliQt 

ZD = 10 mass 

Gs 

Q2 

9~^Q2 

9~^Q5 

g~‘^Qb 

9 Qpp 

g~^Qt 

ZD = 10 mass 

Ge 


ei^°Q 2 



e-^^°Qpp 



Table 1: p-brane masses in the various D = 1\ and ZD = 10 metrics 


Note that although the string tension vanishes in both the Einstein-frame metric Ge and 
the eleven-dimensional metric Gm when the radius Z?ii, and hence the coupling constant 
g, become small, it remains a constant in the string metric Gg- (In fact, all the p-brane 
tensions are independent of the dilaton coupling in their own metric.) In the string metric, 
for all the p-branes with R-R charges, and the 5-brane, the mass per unit p-volume goes 
to infinity when g becomes small, implying that they describe non-perturbative degrees of 
freedom. The masses of the ten-dimensional string and membrane in the eleven-dimensional 
metric Gm are R11Q2 and Q2, consistent with the fact that they are obtained from double 
Q and vertical dimensional reduction of the eleven-dimensional membrane. The same 
analysis applies to the ten-dimensional 4-brane and 5-brane. All the p-branes in type IIA 
supergravity describe physical degrees of freedom of the string theory, since they are BPS 
saturated states which will survive quantisation. As we saw, these p-branes all have natural 
eleven-dimensional explanations. This implies that the membranes, 5-branes, etc. in ZD = II 
are all part of the physical degrees of freedom of M-theory. 

The above discussion relates the type IIA string in ten dimensions with an eleven¬ 
dimensional theory. Previous work, notably that by Hull and Townsend, had already pro¬ 
vided strong indications that ZD = II supergravity has a role to play in describing the 
properties of type IIA or IIB strings compactified to ZD < 9 dimensions on a torus [^. In 
particular, it was conjectured that the long-established Cremmer-Julia global symmetry 
group En(^n) of maximal supergravity in ZD = II — n dimensions ||^, survives in the asso¬ 
ciated toroidally-compactified string theories in the form of a discrete subgroup En(n){E) 
that is an exact U-duality symmetry at the full quantum non-perturbative level |^. This 
U-duality symmetry is the closure of the ZD„_i ~ 0(n — l,n — I) subgroup of perturbative 
T-duality symmetries and an SL{2,R) subgroup which describes a non-perturbative dual¬ 
ity symmetry that interchanges the NS-NS and R-R fields of the theory. By contrast the 
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T-duality symmetry, which is valid order-by-order in string perturbation theory, acts only 
within the NS-NS and R-R sectors themselves, but does not mix between them. 

One of the issues arising in the discussion of U-duality symmetries in compactified 
string theories is the question of whether these symmetries are simply artefacts of the 
compactihcation procedure, or whether they are providing insights into the symmetries 
of the ten-dimensional strings themselves. In fact the answer seems to lie somewhere in 
between. One illustration of this is provided by considering the example of the low-energy 
limit of the type IIA string. In ten dimensions this supergravity theory has no Cremmer- 
Julia type symmetry group; however, upon compactihcation on a circle to D = 9 one hnds 
an SL{2,R) global symmetry (actually GL{2,R) including an additional R symmetry 
that is not relevant for our immediate discussion). Now SL{2,R) is a symmetry that is 
characteristic of the Kaluza-Klein reduction on a 2-torus of more or less any held theory that 
includes gravity. Thus we see that we actually learn something about ten-dimensional IIA 
supergravity by compactifying it on a circle, namely that its global symmetries are strongly 
suggestive of an eleven-dimensional origin.^ Further toroidal compactihcation to D < 8 
dimensions, however, seems to provide us with lesser further insights into the properties of 
IIA supergravity itself; the successive enlargements of the global symmetry groups as one 
descends through the dimensions seem to be telling us more about what happens under 
compactihcation than about the ten-dimensional theory in its own right. 

In the case of the full ten-dimensional type IIA string theory, the above discussion 
becomes, of course, more complicated. In essence, the main additional ingredient in the ar¬ 
gument presented in @ is that there exist BPS-saturated states which can be expected to be 
protected from quantum corrections by their supersymmetry. They correspond to p-brane 
soliton solutions in the lower-dimensional supergravities that preserve half the supersymme¬ 
try. Necessarily, these solutions form multiplets under the Cremmer-Julia T'ri(n) symmetry, 
and after taking the analogue of the Dirac quantisation condition between electric p-branes 
and magnetic {D — p — 4)-branes into account, one can argue that the appropriate En[n){Z) 
discrete subgroup of the Cremmer-Julia group should also be preserved in the full quantum 
theory. The electrically-charged NS-NS p-branes are identified with elementary states in 
the perturbative string spectrum, while the magnetically-charged ones and those with R-R 
charges will be non-perturbative states. Thus one conjectures an exact non-perturbative 
^There are, of course, other more direct ways of seeing the eleven-dimensional origin of IIA supergravity, 
but we are interested here in considering the problem from the point of view of what can be learned by 
toroidal compactihcation. 
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U-duality symmetry group En(n){Z) iMl- This suggests that the full toroidally-compactified 
IIA string theory in D < 9 has an eleven-dimensional origin. 

As in our previous illustrative discussion of the classical low-energy theories, it is not 
clear that the argument above acquires significantly greater strength by considering toroidal 
compactifications to D < 8 rather than simply the compactification to = 9 on a circle. 
Further toroidal compactifications below D = 9 introduce the additional complexities of 
lower-dimensional theories while providing lesser further insights into the structure of the 
IIA string itself. In fact, one might argue that some of the issues arising from the com¬ 
plexities of the lower-dimensional theories may be serving to obscure rather than clarify 
the relevant discussion. One aspect of this can be seen by considering the Cremmer-Julia 
global symmetry groups for maximal supergravities in D < 9 dimensions. Although these 
are normally said to be in D = 11 — n, it should be borne in mind that in D < 7 it 

is only true after dualising certain of the antisymmetric tensor fields.^ To be precise, F'n(n) 
is the symmetry group if every field strength in < 7 is dualised whenever this results in 
a field strength of a smaller degree. For example, the version of H = 7 supergravity that 
has an £^ 4 ( 4 ) ~ SL{5,R) symmetry is the one that comes from the dimensional reduction 
of £ = 11 supergravity (or type IIA supergravity) followed by a dualisation of the 4-form 
field strength £4 in £ = 7 to give a 3-form field strength £3 = *£4. Strictly speaking, 
this is a different theory from the one in which the 4-form is not dualised. In particular, 
the potential A 3 for £4 in this original version is non-locally related to the potential £2 
for £3 = *£4 in the dualised version. Similar considerations apply in lower dimensions too, 
with a rapidly-growing variety of versions of the supergravity theories, whose potentials are 
non-locally related. 

For many purposes the different versions of maximal supergravity in a given dimension 
can be viewed as being essentially equivalent, if one does not wish to relate the potentials in 
one version to those in another. The situation is a little different in string theory, however, 
since at least at the perturbative level a particular significance is attached to the 2-form 
potential Amn and the metric tensor Qmn in ten dimensions, namely that these NS-NS fields 
themselves are the ones that couple to the worldsheet of the string. By contrast, the Am and 
Amnp potentials, which are R-R fields, couple to the string only via their field strengths. 
Thus when discussing the T-duality symmetry of the toroidally-compactified IIA string, it 
is important that whatever other fields may require dualisations in order to implement the 
^For n < 6, the En groups in their non-compact versions have the following isomorphisms: E 5 ~ SO{5, 5), 
Ei ~ SL{5,R), E 3 ~ SL{3,R) x SL{2,R) and E 2 ~ GL{2,R). 
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symmetry, the field strengths associated with the NS-NS fields Amn and Qmn should be 
left intact and undualised. (Related issues in the context of the four-dimensional heterotic 
string have been considered in [^.) It might further be argued that in all the discussions 
of duality symmetries of the toroidally-compactified IIA string, one should not require any 
of the field strengths originating from the 2-form potential or the metric in L) = 10 to be 
dualised. In order to explore this further, we shall consider the global symmetries and the 
T-duality of the toroidal compactifications in detail. 

It is convenient to describe the toroidally-compactified type IIA supergravities in a 
notation derived from the eleven-dimensional supergravity that can be viewed as their 
progenitor. Thus starting from the metric Qmn and 3-form potential Amnp in D = 11, 
we may consider a set of successive 1-step reductions on circles. In each reduction step 
from (D -|- 1) to L) dimensions, the metric in (D + 1) will give rise to a metric, a Kaluza- 
Klein vector potential Am, and a “dilatonic” scalar held cp in D dimensions. An n-index 
gauge potential in (D + 1) dimensions will give rise to an n-index gauge potential and 
an (n — l)-index gauge potential in D dimensions. Thus it is easy to see that eventually 
after descending from D = 11 to D dimensions, we shall have the following structure of 
D-dimensional bosonic helds: 

j(b') 

“^0 ) 

, (4) 


9mn 

As 


9mn , 


A, 


(i) 


A 


(i) 


(ij) 


where the indices i,j,k run over the 11 — D internal toroidally-compactihed dimensions, 
starting from z = 1 for the step from D = 11 to D = 10. The subscripts on gauge potentials 
denote the number of spacetime indices they carry. The potentials A^i^^ and Aq^^^ are 
automatically antisymmetric in their internal indices, whereas the 0-form potentials Aq^'^ 
that come from the subsequent dimensional reductions of the Kaluza-Klein vector potentials 
are dehned only for j > i. The quantity $ denotes the (11 — D)-vector of dilatonic 
scalar helds coming from the diagonal components of the internal metric. 

The Lagrangian for the bosonic D-dimensional toroidal compactihcation of eleven¬ 
dimensional supergravity then takes the form |T^] 

£ = eR-ie(5<^)2- 


i 


i<j 


4® 


- ie 


Aijk-fp (£*^^2 _ 1 




f + C 


FFA 1 


( 5 ) 


i i<j<k i<j 

where the “dilaton vectors” a, di, dij, dijk, h, bij are constants that characterise the cou¬ 
plings of the dilatonic scalars (p to the various gauge helds. The held strengths are associated 
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with the gauge potentials in the obvious way; for example F 4 is the field strength for ^ 3 , 
F 3 ' is the field strength for A 2 , etc. In general, the field strengths appearing in the ki¬ 
netic terms are not simply the exterior derivatives of their associated potentials, but have 
Chern-Simons type corrections as well. On the other hand the terms included in CppA^ 
which denotes the dimensional reduction of the F 4 A F 4 A ^3 term in D = 11, are expressed 
purely in terms of the potentials and their exterior derivatives. The complete details of all 


the terms, and the dilaton vectors, are given in [ 10 |. 

It is important for our purposes to distinguish between the NS-NS and the R-R fields 
in the lower-dimensional theories, viewed as compactifications of the type IIA string. In 
D = 10, in the above notation, we have NS-NS fields gMN, 4> and R-R fields A 3 

and Upon reduction to D <9, each of these fields gives rise to sets of fields that have 
the same NS-NS or R-R characteristics as their D = 10 progenitors. Thus if we split the i, 
j,... indices as i = (1, a), etc, where a, /?,... run from 2 to 11 — D, we have the following 
assignments of NS-NS and R-R fields in D dimensions 


NS-NS : 
R-R : 


9mn 
^3 , 


A 


( 1 ) 


A 


(la) 


A 


(la/S) 




(a) 




(o/3) 


a: 


(a) 


A[' 


(af3) 


A 




A\ 


( 1 ) 


^(i«) 

“^0 


( 6 ) 


The multiplicities of gauge potentials with one, two or three a-type indices are clearly 
10 — D, ^(10 — D){9 — D) or g(10 — D){9 — D ){8 — D) respectively. 

It is known that in the customary dualised formulations of the toroidally-compactified 
theories, where field strengths of higher rank are dualised to ones of lower rank wherever 
possible, there is a T-duality symmetry Dio-d ~ 0(10 — 0,10 — 0), which is valid order by 


order in string perturbation theory | 0 .|. Since in low dimensions the customary discussion 
includes a dualisation of the field strength associated with the NS-NS 2 -form potential 
^ 2 ^^ which in our discussion we wish to leave undualised, our first task will be to verify 
that T-duality continues to operate in the same manner if we insist that be left intact 
and undualised. Likewise, we should verify that none of the other NS-NS gauge fields have 
to undergo dualisations in order to achieve the symmetry under T-duality transformations. 
In order to do this, it will be convenient to discuss first a certain discrete subgroup of 
the putative T-duality group, namely its Weyl group WDio-d- The Weyl groups of the 
T-duality and U-duality groups for the toroidally-compactified strings were discussed in 
detail in |T^ . They can be viewed as capturing the essence of the full continuous symmetry 
groups of the supergravity theories, and correspond precisely to the discrete subgroups that 
implement exact permutations between the various field strengths, which, for more general 
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continuous group elements, would instead be mixed together in more complicated ways. (For 
example, in a case such as an electric-magnetic duality in D = 4, the Weyl group would be 
the discrete subgroup of duality rotations that implemented an exact interchange of the 
electric and magnetic fields.) If the theory is to be invariant under such permutations of the 
field strengths, then, as can be seen from (^), the dilaton vectors associated with the field 
strengths must permute at the same time. Thus the Weyl group of the T-duality group can 
be identified by seeking discrete sets of permutations that exchange certain sets of dilaton 
vectors. 

From the details of the dilaton vectors given in ||^, it is relatively straightforward to 
find their multiplet structures under the relevant T-duality symmetries. The procedure was 
described in detail in [12|, and the only difference here is that we are paying close attention 
to the question of which fields must be dualised in order to achieve the IFDio-d symmetry, 
and which can be left undualised. To begin, we tabulate the multiplicities of the various 
gauge potentials appearing in the toroidally-compactified theories: 


D 

NS-NS 

R-R 






•^0 

As 

A») 


A* 

A («/t7) 

•^0 

8 

1 

2 

2 

1 

1 

1 

2 

1 

1 

- 

2 

7 

1 

3 

3 

3 

3 

1 

3 

3 

1 

1 

3 

6 

1 

4 

4 

6 

6 

1 

4 

6 

1 

4 

4 

5 

1 

5 

5 

10 

10 

1 

5 

10 

1 

10 

5 

4 

1 

6 

6 

15 

15 

1 

6 

15 

1 

20 

6 

3 

1 

7 

7 

21 

21 

- 

7 

21 

1 

35 

7 


Table 2: Multiplicities of gauge potentials in compactified IIA strings 


At this stage, the discussion separates into two parts, one for the NS-NS potentials and 
the other for the R-R potentials. The situation is simpler for the NS-NS potentials since, 
as remarked previously, it turns out that no dualisations are necessary in order to assemble 
these fields into multiplets under T-duality. Thus we find that the multiplets under the 
VFDio-d Weyl group for the NS-NS potentials are as follows: 
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D 

Weyl Gp 




8 

WD 2 

( 1 , 1 ) 

( 2 , 2 ) 

( 1 , 2 ) + ( 2 , 1 ) 

7 

WD 3 

1 

6 

12 

6 

WDi 

1 + 1 

8 

24 

5 

WD 3 

1 

10 

40 

4 

WDe 

1 

12 12 

60 

3 

WDj 

1 

14 

84 


Table 3; T-duality Weyl-group multiplets for NS-NS potentials in IIA strings 


Some comments about the results in this table are in order. First, we note that the 
T-duality group in T) = 8 dimensions is D 2 ~ 0(2,2), which is a product group, D 2 ~ 
Di X Di ~ 0(2,1) X 0(2,1). Consequently, the multiplicities in O = 8 are given in terms of 


their dimensions under the two factors. Secondly, as discussed in ||]^, the multiplicities for 
0-form potentials acquire a doubling when the Weyl-group multiplets are assembled. This 
is because there is a discrete symmetry cj) —</> and Aq —> Aq, where c denotes the 

dilaton vector associated with the 0-form potential Aq. Thus, for example, although we see 
from Table 2 that there are three NS-NS 0-forms and three NS-NS 0-forms 

in O = 7, the permutations of their dilaton vectors under the VFD 3 Weyl group form an 
irreducible 12 -element representation, involving the six dilaton vectors and their negatives. 
Thirdly, a doubling of multiplicities occurs for a different reason in the case of the 2-form 
potential A^^ in = 6 and the 1-form potentials in H = 4. These doublings really only 
occur at the level of solutions, and arise because in these cases the field strengths can carry 
either electric or magnetic charges. Note however that in each dimension, including D = 6, 
the 2-form potential ^ 2 ^^ itself is a singlet under the Weyl group. 

The discussion of the T-duality for the R-R potentials is more complicated, because 
here we find that certain dualisations of field strengths can become necessary in dimensions 
H < 8 , in order to assemble the Weyl-group multiplets. Since this is a dimension-dependent 
procedure, we shall adopt a different format for presenting the results here. Grouping to¬ 
gether R-R potentials into multiplets under the T-duality Weyl group, we find the following: 
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D = 7 : 


D = 6: 


D = 5: 


D = 4:-. 


D = 3: 


Table 4: T-duality Weyl-group multiplets for R-R potentials in IIA strings 

The subscripts denote the dimensions of the representations under the relevant T-duality 
Weyl groups given previously. In cases where gauge potentials of different degrees are 
grouped together within a set of braces, this implies that dualisations must be performed. 

To summarise the story so far, we have seen that the Weyl groups of the T-duality 
symmetries of toroidally-compactified type IIA strings, which are ITDio-d in the usual 
dualised versions with U-duality, continue to be the same if we work instead with 

the the versions of the theories in which no NS-NS fields are dualised.^ This is an important 
point since T-dualities are perturbative symmetries, and at least at the perturbative level, 
the bare NS-NS fields gMN and have intrinsic significance as the fields that couple 
directly to the string worldsheet. By contrast, obtaining the RDio-d symmetry does require 
that some of the R-R field strengths be dualised; this does not present any difficulty since 
the associated R-R-potentials couple to the string only via their field strengths, and thus 
the theory could equally well be formulated in such a way that it is the relevant dualised 
field strengths that couple to the string. 

Having discussed the T-dualities of the compactified theories, we now turn to a consid¬ 
eration of their U-dualities. As we remarked previously, there are many different versions 
of D-dimensional maximal supergravity, corresponding to different choices of duality com¬ 
plexions for the various field strengths. At the level of the gauge potentials, which are the 
basic field variables in the actions, these different versions are related to one another by 
non-local field redefinitions. The global symmetry groups for the different versions will be 
different too, and the conventional En-o Cremmer-Julia symmetries are associated with 
®By arguments analogous to those discussed in this will continue to be true for the full T-duality 
groups themselves. 


10 



the versions where held strengths are always dualised if it results in a lowering of their de¬ 
grees. Here, we shall pursue the investigation of what happens to the U-duality if we again 
opt for versions of the compactihed theories in which NS-NS helds remain undualised. 

Let us recall that the Cremmer-Julia symmetry can hrst of all be thought of as the 
global symmetry group of the scalar sector of the supergravity Lagrangian, i.e. the part that 
involves just the dilatonic scalars ^ and the axionic scalars and The invariance 

of the entire theory under this symmetry can then be understood as the consequence of a 
covariance of the Lagrangian, with the scalars coupling to the other fields via the metric or 
vielbeins on the scalar manifold. For example, in D = 9 the scalar sector of the Lagrangian 
takes the form 

e"^ C = -^(dcpf -\{d4>f - {dxf , (7) 

fl 2 ) 

where in our type IIA notation x is the axion Aq ’ , and (p and (p are related to pi and p 2 
hy p = —\y/7pi — |(/>2 and p = \pi — \\/7p2- This has a GL{2,R) ~ SL{2,R) x R global 
symmetry, where SL{2, R) acts on r = x + by fractional linear transformations, and the 
additional R symmetry comes from constant shifts of p. Thus included in this GL(2, R) 
Cremmer-Julia symmetry is the “gauge transformation” X ^ X + const, for the 0-form 
potential (corresponding to r ^ r-|- const, in SL{2,R)). Unlike a gauge transformation 
for a higher-rank potential, this gauge transformation is “demoted” to a global symmetry, 
since the only closed 0-form is a constant. The purpose of making this observation is to 
emphasise that when we look for global symmetries in lower dimensions, we should recognise 
that such global shift symmetries of 0 -form potentials should be included in the symmetry 
group, whereas the local gauge transformations of higher-rank potentials should not. 

First, we shall consider the global symmetries for the versions of the toroidally com- 
pactified D = 11 theory in which no dualisations at all are performed. It is not hard to see 
that in D dimensions there will be an “obvious” GL{11 — D,R) symmetry, generalising the 
GL{2,R) symmetry in ZJ = 9. There will however be more than this, since as we descend 
through the dimensions we accumulate more 0 -form potentials than are needed for the in¬ 
variances of the GL{11 — D, Z?)-symmetric scalar manifold. The excess 0-forms, with global 
shift symmetries, will contribute additional R factors in the global symmetry group of the 
entire scalar manifold. In fact the excess 0-forms are precisely the axions coming from 

the dimensional reduction of A 3 in D = 11, of which there will he p = (1,4,10, 20, 35, 56) in 
D = ( 8 , 7, 6 , 5,4,3) respectively. Thus in their totally undualised formulations, the maximal 
super gravities in D dimensions have global RP * GL[11 — D,R). Here * denotes a semi- 
direct product, which arises rather than a direct product because the scalar fields Aq^^'^ 
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carry GL[1\ — D,R) indices, and thus transform (linearly) under GL(11 — D,R). 

In the above discussion, all the axionic fields are placed on an equal footing. 

Not surprisingly, this runs into difficulties with the T-duality that we discussed earlier, 
since we were required to put together the R-R axions and in order to form 

representations under the 0(10 — 0,10 — D) T-duality group. However, it can be shown 
that although it is indeed possible to make a choice of field variables in which all the 
Aq^^^ axions are simultaneously covered everywhere by derivatives, and are thus subject to 
manifest shift symmetries, the price that is paid is that no other axions can also at the same 
time be covered with derivatives everywhere |^. In particular, in the totally undualised 
formulation the R-R axions can be covered by derivatives everywhere but then their 

would-be T-duality multiplet partners cannot be also covered everywhere. This would 
break the T-duality symmetry.^ Another way of seeing this is to note that the GL{11—D, R) 
symmetry of the totally undualised formulation mixes the i = 1 index value with the i = a 
values, and thus it interchanges NS-NS fields with R-R fields. The GL(10 — D, R) subgroup 
that acts only on the i = a internal indices, and thus preserves the NS-NS and R-R sectors 
independently, is not large enough to contain the 0(10 — 0,10 — D) T-duality group. 

In order to try to find an extended symmetry group, possibly with the inclusion of non- 
perturbative generators, that includes the T-duality group, we may instead opt for a choice 
of field variables in which all the R-R potentials are simultaneously covered by derivatives. 
In fact it was shown in that there always exists such a choice of field variables, when 
necessary R-R fields are dualised. This means that we can still dualise the R-R fields as 
required for the T-duality discussion, and at the same time have all the R-R axions subject 
to shift symmetries. Note that T-duality, as a perturbative symmetry, is usually described in 
the context of heterotic string theory, or the NS-NS sector of type II strings, where there are 
no R-R fields and so the symmetry is concerned purely with perturbative degrees of freedom. 
In the absence of R-R fields, there is a maximal symmetry contained within 

the T-duality group 0(10 — 0,10 — D), in that there are a total of (10 — D){9 — D)/2 

"^T-duality implies that each of the R-R scalars and Ao“ has a shift R symmetry. Since these 

R symmetries are commuting, it follows that there must exist a choice of field variables such that these R 
symmetries are manifest, i.e. all the R-R scalars are similtaneously covered by derivatives. However, this is 
not possible in the undualised form of supergravities, and hence the T-duality is broken. On the other hand, 
in the R-R dualised form, it is possible to redehne held variables such that all the R-R helds are covered by 
exterior derivatives. Thus it is worth emphasising that held redehnitions can make the global symmetries 
manifest, but do not alter whether or not they are present. It is the dualisation procedure that alters the 
global symmetries in the diherent versions of the supergravities. 
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NS-NS scalars appearing in the Lagrangian only via derivatives. In type II theories the 
introduction of R-R fields, which are believed to be still organised by T-duality despite 
their non-perturbative nature, has a subtle effect in modifying the T-duality group. It was 


shown in [13| that although all the R-R potentials can be covered by derivatives, this is 
at the price that none of the NS-NS scalars appears in the full Lagrangian only through 
a derivative any more. Thus the previously manifest symmetry in the T- 

duality group 0(10 — 0,10 — d) of the heterotic string becomes no longer manifest with 
the introduction of the R-R fields in the type IIA theory. Of course, the R symmetries 
in 0(10 — 0,10 — O) are actually still preserved, although non-manifestly, even in the 
presence of the R-R fields since the R-R axions, as in the case of all higher-form gauge 
potentials, transform linearly under the T-duality group 0(10 — 0,10 — O). Since now 
there are q = (2,4, 8,16,32,64) R-R axions in O = ( 8 , 7, 6 , 5,4, 3) dimensions, which appear 
in the Lagrangian through their 1-form field strengths only, we therefore have the global 
symmetries * 0(10 — 0,10 — O) in these R-R dualised versions of the lower-dimensional 
maximal supergravities. Here * denotes a semi-direct product. The reason why it is a semi- 
direct product rather than a direct product is that the R-R axions rotate (linearly) among 
themselves under the T-duality 0(10 — 0,10 — 0), in the same manner as higher-form gauge 
potentials, and thus the symmetry does not commute with 0(10 — 0,10 — 0 ).Q 

As a consistency check, we may verify that with the global symmetry groups taken 
to be G = * 0(10 — 0,10 — O), we indeed get the correct counting of scalars if we 

augment them with extra scalars in the adjoint representation of the maximal compact 
subgroup H of G, such that the physical scalars are in the coset G/H. Thus we have 
H = 0(10 — O) X 0(10 — O), implying that G/H has dimension {6,13,24,41,68,113} 
in O = { 8 , 7, 6 ,5,4,3}. This is exactly coincident with the total numbers of scalars in 
each dimension, where axions, dilatonic scalars and the dualisations of rank-(0 — 1) R-R 
field strengths (where appropriate) are included, but the dualisations of any NS-NS field 
strengths are excluded. (The numbers of axions and R-R fields dual to axions can be read 
off from table 2.) Furthermore, the O = 10 dilaton itself is left out of the counting, since it 
does not participate in the perturbative symmetries described by the R'^ * 0(10 — 0,10 — 0) 
group. The counting of the various scalars in the cosets is summarised in table 5 below, 
where, in the columns headed by NS-NS and R-R, the numbers of axions of each type are 
listed: 


®We are grateful to E. Cremmer for extensive discussions on the semi-direct product structure of the 
symmetry groups. 
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Coset 

Numbers of scalars 

D 

G/H 

Dimension 

NS-NS 

R-R 

Dilatons 

8 

*0{2,2)/0{2) X 0(2) 

6 

2 

2 

2 

7 

R4*0(3,3)/0(3) X 0(3) 

13 

6 

4 

3 

6 

R8*0(4,4)/0(4) X 0(4) 

24 

12 

8 

4 

5 

*0(5,5)/0(5) X 0(5) 

41 

20 

16 

5 

4 

R32 >^0(6,6)/0(6) X 0(6) 

68 

30 

32 

6 

3 

*0(7,7)/0(7) X 0(7) 

113 

42 

64 

7 


Table 5; Counting of scalars in G/H for R-R dualisation 


To recapitulate the situation so far, we have seen that by working in the formulations 
of the supergravity theories where all the R-R fields are covered with derivatives, we have 
perturbative symmetry groups * 0(10 — 0,10 — D) in each dimension. We may now 
discuss the possible enlargements of these symmetry groups to include non-perturbative 
generators as well. However, in keeping with the spirit of our previous discussions, we shall 
require that these non-perturbative symmetries be achieved by dualising only R-R fields, 
but not NS-NS fields. The results for these non-perturbative global symmetry groups may 
be presented in the following table, below which we shall discuss the various entries: 



Global Symmetry Groups 

T-duality 

D 

No dualisation 

R-R dualisation 

Full dualisation 


9 

GL(2,R) 

GL{2,R) 

GL(2,R) 

- 

8 

R*GL{3,R) 

SL{3,R) X SL{2,R) 

SL{3,R) X SL{2,R) 

0(2,2) 

7 

R^*GL{4, R) 

SL(5,R) 

SL{5,R) 

0(3,3) 

6 

R^°*GL{5,R) 

r8*0(4,4) 

50(5,5) 

0(4,4) 

5 

R‘^°*GL{6,R) 

*0(5,5) 

776(6) 

0(5,5) 

4 

R^^*GL{7, R) 

R32 0(6^ 6) 

777 ( 7 ) 

0(6,6) 

3 

R^^*GL{8,R) 

* 0(7,7) 

778(8) 

0(7,7) 


Table 6: Global symmetry groups for maximal supergravities 


No dualisation is necessary in H = 9, whilst for D = 8 and 7 the only field that needs 
to be dualised is the R-R 4-form field strength. Thus for D > 7, the full non-perturbative 
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Cremmer-Julia group Eh-d is consistent with the requirement that no NS-NS fields should 
be dualised. This implies in particular that 10 —D) is a perturbative subgroup 

of the non-perturbative Eh-d group in these cases. For D < 6, the story becomes more 
complicated, in that the existence of the Eh-d symmetry requires the dualisation of NS-NS 
fields as well as R-R fields. If we instead insist that only R-R fields can be dualised, which is 
consistent with T-duality, we find that the symmetry group is simply *O{10 — D, 10 —D), 
which is perturbative only. Adding any non-perturbative generators, such as rotations 
between NS-NS and R-R helds, would naturally force the NS-NS fields to be dualised, since 
the R-R fields form multiplets together with their duals. Thus it seems that for D < 6, 
the requirement that no NS-NS fields be dualised rules out the possibility of having any 
enlargement of the perturbative R‘^*O{10—D, 10—D) symmetry to include non-perturbative 
generators. In fact, the only way to find a non-perturbative symmetry, while leaving the 
NS-NS fields undualised, is in the case where no fields at all undergo dualisations. (We shall 
show presently that this is consistent with a possible eleven-dimensional supermembrane 
|W| origin.) The G'L(11 — H, i?) and 0(10 —D, 10 —H) groups are subgroups of and 

indeed the closure of the two groups generates the full Eu^d group. However, the R^ and 
R'^ symmetries are not contained within En-jy in lower dimensions. In fact the maximal 
numbers of shift symmetries in the Flii_£)-symmetric versions of the supergravity theories 
have been studied in |]^. These numbers in O = {8, 7,6, 5,4, 3} are {3,6,10,16,27,44}, 
of which 2®“^ = are for R-R axions, with the remainder being for NS-NS axions. In 
particular, it is evident that in the lower dimensions these numbers are less than the numbers 
p or gr of shift symmetries in the undualised or R-R dualised formulations, demonstrating 
that the symmetry groups in these versions of the supergravities cannot be subgroups of 
the symmetries of the i?ii_£)-symmetric versions. 

Note that a similar consistency check to that which we performed for the supergravities 
with R-R dualisation can be carried out also for the G = RP * GL[11 — D,R) global 
symmetries of the totally undualised supergravity theories. In this case the corresponding 
maximal compact subgroups of G are given by H = 0(11 — D,R), and so the coset G/H 
has dimension {3,7,14,25,41,63,92} in O = {8, 7,6, 5,4, 3}. From the results in table 2, 
we see that these dimensions are indeed equal to the numbers of axions plus dilatons in 
each dimension, where in this case no dualisations at all of {D — l)-form held strengths 
are performed. Note also that in this case, since the G = RP * GL{11 — D,R) symmetry 
is non-perturbative, the D = 10 dilaton itself is included in the counting of dilatons. The 
counting of the various scalars in the cosets is presented in table 7 below: 
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Coset 

Numbers of scalars 

D 

G/H 

Dimension 

NS-NS 

R-R 

Dilatons 

8 

R*GL{3,R)/0{3) 

7 

2 

2 

3 

7 

R^*GL{4, R)/0{4) 

14 

6 

4 

4 

6 

R^^ *GL{5,R)/0{5) 

25 

12 

8 

5 

5 

R^^ *GL{6,R)/0{6) 

41 

20 

15 

6 

4 

R^^*GL{7, R)/0{7) 

63 

30 

26 

7 

3 

R^^ *GL{8,R)/0{8) 

92 

42 

42 

8 


Table 7; Counting of scalars m. G/H for no dualisation 


Thus in summary, if we insist that no dualisations of NS-NS fields be performed, we can 
follow two possible routes. In one of them, we look for the largest symmetry group that 
includes the perturbative T-duality symmetry 0(10 — 0,10 — 0). We find that this is the 
perturbative symmetry group W * 0(10 — 0,10 — 0), where q = 2®“^ is the number of R-R 
axions, for general values of O. In O > 7 it can be enlarged to include non-perturbative 
generators, since these still do not require the dualisation of NS-NS fields. Below seven 
dimensions, no enlargement to such a non-perturbative group is possible. The results are 
summarised in the “R-R dualisation” column in table 6. A second, alternative, route 
is to sacrifice the T-duality symmetry as a subgroup, in order to find a non-perturbative 
symmetry group in lower dimensions. Indeed we can then find non-perturbative symmetries 
that exist also in D < 6, by choosing the versions of the supergravity theories in which no 
dualisations at all are performed. The results in this case are summarised in the “No 
dualisation” column in table 6. In D < 8, this is achieved at the price of no longer having 
the perturbative 0(10 — 0,10 — D) T-duality symmetry as a subgroup. 

It should be emphasised that in the versions of the O-dimensional supergravities where 
no dualisations at all are performed, the * OL(ll — D, R) global groups are symmetries 
of the Lagrangian for all values of D. On the other hand, in the R-R dualised versions of 
the supergravities, the * 0(10 — 0,10 — O) groups are symmetries of the Lagrangian 
itself only when O is odd. When O is even, the symmetries are valid only at the level of 
the equations of motion. This is similar to the situation for the Oii_£)-symmetric versions 
of the super gravities. 

A general remark about the nature of the various symmetry groups is perhaps in order 
here. One might have thought that at the level of the equations of motion all the potentials 
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would be occurring via their field strengths, and that therefore there should be a unique 
answer for the global symmetry group of the theory. As we have seen, this is in fact not the 
case. The explanation lies in the fact that as a result of the Chern-Simons modifications to 
the field strengths, bare potentials that are not covered by derivatives appear even in the 
held equations. By performing held redehnitions, it is possible to ensure that all the helds 
that need to be dualised in the usual illii_£,-symmetric formulations of the supergravity 
theories are everywhere covered with derivatives. However, if instead some of these helds 
are “sacrihced,” it is possible to perform held redehnitions that transfer the derivatives 
onto other potentials, thereby gaining new symmetries at the cost of losing the previous 
ones. (Once held redehnitions are performed that cause potentials to be exposed without 
derivatives, symmetries that require dualisations of the associated held strengths no longer 
act locally on the helds of the theory.) Thus for example in four dimensions the usual fully- 
dualised theory has a global Ej symmetry, whose maximal abelian invariant subalgebra has 
dimension 27 (i.e. shift symmetries for 16 R-R axions and 11 NS-NS axions) ||l5|] . If the 
symmetries involving dualisations of the NS-NS held strengths are sacrihced, the derivatives 
on their potentials can be transferred to other helds, including all 32 R-R axions. The 

* 0(6, 6) symmetry for this choice is manifestly not a subgroup of Ej. If all symmetries 
involving dualisations, both for NS-NS and R-R helds are sacrihced, the derivatives can be 
transferred so as to cover all of the 35 axions and the resulting global symmetry 

group * OL(7, R) is neither contained in, nor does it contain, either of the previous two 
groups. Thus the global symmetry group of the theory is not uniquely determined until the 
helds on which it is to act locally are specihed. For example in four dimensions, if it is to 
act only on potentials then the symmetry is R^^ * GL{7, R); it is instead R^^ * 0(6, 6) if it 
is to act on NS-NS potentials but R-R held strengths; and it is Ej if it is to act on held 
strengths of both types. String theory, at least in a perturbative formulation, favours the 
hrst or second possibilities. Since perturbative string theory the R-R helds coupiling only 
via their held strengths, the second possibility seems to be the most natural one. 

One further remark that should be made is that the above discussions of the various 
possibilities for non-perturbative symmetry groups that do not require dualisations of NS- 
NS helds do not in any way conhict with the known multiplet structures of BPS-saturated 
soliton solutions. In particular, the p-brane solutions that carry a single type of electric or 
magnetic charge fall into multiplets under the Weyl group of the usual U-duality group, an 
example being the black holes in D = 4, which form an irreducible 56-component represen¬ 
tation under the Weyl group oi Ey \12\. Under the Weyl group of R^^ * 0(6,6) they will 
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instead form a reducible 32 + 12 +12 component representation, while under * GL{7, R) 
they will form a reducible 7 + 7 + 21 + 21 component representation. In all of these cases, 
the total number of distinct black hole species will be 56. Similar considerations apply to 
all the other species of p-brane solitons. 

With the proposal that the degrees of freedom of string theory are more appropriately 
described by an eleven-dimensional theory in general, with the string providing a useful lim¬ 
iting description in the perturbative regime, it is of interest to consider how the discussions 
of T-duality and U-duality in this paper might apply in M-theory itself. It has sometimes 
been argued that the eleven-dimensional supermembrane [^] should be viewed as a funda¬ 
mental entity in its own right, whose quantisation might give rise to an eleven-dimensional 
theory which has D = 11 supergravity as its low-energy limit. There are many objections 
to this viewpoint, centering on the apparently insurmountable difficulties in setting up a 
sensible perturbative quantisation scheme. One signal of this problem is the absence of 
any candidate for a loop-counting parameter, analogous to the coupling constant in 

string theory, owing to the fact that there is no dilaton in the eleven-dimensional theory. 
If, as therefore seems likely, there is no perturbative regime for the quantisation of a su¬ 
permembrane, it is not clear that there would be any utility to attempting a description of 
some region of the modulus space of M-theory in terms of a fundamental super membrane. 
Indeed, it can be argued that string theory is useful only insofar as it enables a region of 
the modulus space of M-theory to be described perturbatively [|[ . 

Another indication of the intrinsically non-perturbative nature of the supermembrane 
is provided by considering T-duality in terms of an hypothetical D = 11 supermembrane 
description. We have seen above that in the case of string theory, the usual T-duality 
groups of the toroidally-compactified theory are perfectly compatible with a formulation of 
the theory in which none of the NS-NS fields needs to be dualised. It is important that 
this should be possible because T-duality is a perturbative symmetry, and thus should be 
adequately describable in terms of string perturbation theory. In this theory, the NS-NS 
gauge potentials have a fundamental significance since it is they, and not their field strengths, 
that couple to the worldsheet of the string. However, the situation would be quite different 
if the lower-dimensional theories were to be described as toroidal compactifications of a 
quantised supermembrane. The difference lies in the fact that in such a supermembrane 
theory it is the 3-form potential A^oi D = 11 supergravity, rather than the 2-form potential 
^ 2 ^^ of D = 10 supergravity, that would now be playing a distinguished role since A 3 couples 
directly to the world-volume of the membrane. But as we have seen, in order to realise the 


18 


T-duality symmetries it is necessary that some of the Kaluza-Klein descendants of 
which from the string point of view are R-R fields, must be dualised. This means that 
T-duality must act non-locally on the potential ^3 in eleven dimensions, and thus it would 
be incompatible with a perturbative description in terms of fundamental membranes. 

The eleven-dimensional supermembrane action implies that the symmetry group of the 
theory compactified on a torus should x GL{1\ — D,R), obtained from the supergravity 
theories where no dualisation is performed. It is non-perturbative in nature. However there 
is a subgroup of GL{11 — D,R), namely 0(10 — D), which rotates NS-NS and R-R field 
within themselves. This 0(10 — D) subgroup is perturbative, since it is the intersection of 
0(11 — D, R) and 0(10 — 0,10 — 0). This perturbative symmetry of the membrane action 
on a torus may provide some clue as to how to quantise the theory, if it is quantisable at 
all. 

In conclusion, we have seen that various different viewpoints are possible concerning the 
global symmetry groups in toroidally-compactified type IIA strings in lower dimensions. In 
particular, when O is less than seven the symmetry groups obtained for the theories with 
only R-R dualisations are different from, and are not contained in, the usual Rn(n) groups 
that arise for the theories where dualisations of NS-NS fields are also performed. At least at 
the level of the perturbative T-duality symmetry it seems reasonable to avoid such NS-NS 
dualisations, since it is the NS-NS potentials Amn and Omn themselves, rather than gauge- 
invariant field strengths built from them, that couple directly to the string worldsheet. If 
this reasoning is extended to the discussion of non-perturbative symmetries too then it 
might be argued that since the possible symmetry groups under the various viewpoints 
are inequivalent, then it is not inconceivable that it is the symmetries in the formulations 
that do not require NS-NS dualisations that should be regarded as more fundamental]^ 
Such reasoning need not be in conflict with any of the results about the relation between 
compactifications of M-theory and of the type IIA string, since, as we observed in the 
introduction to the paper, the key results can already be seen in the compactifications to 
nine dimensions. Indeed, the fact that the relations are robust with respect to the different 
choices for the dualisations that should be performed in the lower-dimensional theories 
serves to emphasise that the basic relations between the higher-dimensional theories can be 
established without needing to invoke the details of the lower-dimensional compactifications. 

®Another way to express the observation is that non-perturbative symmetries in string theory are asso¬ 
ciated with non-local symmetries in the perturbative description. Thus for example the non-perturbative 
SL{2, R) S-duality of four-dimensional string theory, which preserves the NS-NS and R-R sectors but is 
associated with dualisations of the 2-form field strengths Q, acts non-locally on the NS-NS potentials. 
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Finally, we remark that our discussions have concentrated on the supergravity theories, 
rather than the full quantum string theories. Thus for example although we have used the 
language of string theory to distinguish between symmetries that would act perturbatives, 
and those that would act non-perturbatively, at the level of our discussion the symmetry 
groups have all been the classical continuous groups of the Cremmer-Julia kind. It would 
be interesting to study the implications of the quantisation conditions for electrically and 
magnetically charged solitons, to uncover the likely discrete subgroups that would survive 
in the full string theory. 
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